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Introduction 

Much has been published about plane-filling fractal curves. Two well-known plane-

filling fractal curves are the Terdragon and the 5-Dragon. These two, as well as many 

other plane-filling fractal curves, are based on a triangular or square grid. 

 

I asked myself the following questions: 

• Are there also plane-filling fractal curves that are not bound to a triangular or 

square grid? 

• If so, what are the properties of such fractal curves? 

 

The result of this search can be found in this study. 

 

Before I get into this, let me show the above-mentioned Terdragon and the 5-Dragon, 

their dimension, and the enclosed area. 

 

Then I show the fractal curves I found, and how I got there. I have taken the liberty of 

naming these new fractal curves. 

 

 

Nico Bakker 

Hoorn, The Netherlands 

November 2022 
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Well-known plane-filling fractal curves 

Of the well-known plane-filling fractal curves, I have chosen the Terdragon and the 5-

Dragon to serve as an introduction to fractal curves and to illustrate calculations on 

the dimension and the enclosed area. 

Terdragon 

In the construction of a fractal curve, the line segment with length 1 (step 0) is 

replaced by a number of contiguous segments. In the case of the Terdragon, these 

are three line segments with length , such that the middle line segment is 

vertical. 

   
 step 0 step 1 

 

In step 2, each of the three line segments of step 1 is replaced in the same way by 

three line segments. In the same way, step 3 was created after processing all 9 line 

segments of step 2. 

   
 step 2 step 3 

 

Here are steps 6 and 10: 
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 step 6 step 10 

 

The line segments become smaller with each subsequent step. The reduction factor 

in the Terdragon is . The number of line segments triples with each subsequent 

step. 

Because with each subsequent step all line segments are processed in the same 

way as in the transition from step 0 to step 1, step 1 determines what the fractal 

curve will ultimately look like. 

 

A fractal curve is plane-filling if two conditions are met: 

1. the dimension is 2, and 

2. the line segments do not intersect or overlap. 

Dimension 

The dimension of a fractal curve of which the line segments in step 1 are all the same 

length can be calculated with Haussdorf's formula: 

 

For the Terdragon that will be: . Condition 1 is therefore fulfilled. 

Intersecting or overlapping line segments 

To show that the line segments of a fractal curve do not intersect or overlap, the line 

segments of step 1 are provided with different colors: 

   
 step 1 step 2 
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Then, in step 2, the colors are maintained. Three times step 1 is then easily 

recognizable. It can also be seen that the fractal curve only touches itself in the 

vertices. There are no cutting or overlapping line segments. 

In step 3, three times a step 2 is recognizable, in step 4 three times a step 3, etc. 

   
 step 3 step 4 

 

   
 step 5 step 6 

 

Obviously, each step consists of three copies of the previous step and that the left 

and right copies touch the middle copy only in the vertices. This means that there are 

no cutting or overlapping line segments. 

 

This satisfies both conditions and thus the Terdragon fractal curve is plane-filling. 

Enclosed area 

From step 2, the Terdragon consists of equilateral triangles, with a head and a tail of 

two line segments. At each step, the triangles are always the same size. The total 

area of these triangles can be calculated by multiplying the number of triangles by 

the area of a triangle. 

 

At step 2, the length of the line is segments . The area of a triangle is: 

. The line segments become smaller by the factor  with each 

subsequent step; the area of one triangle becomes  times smaller with each 

step. The formula for the area of one triangle at step n is then: 

. 
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Now we need another formula that gives the number of triangles for step n. Because 

the previous step is repeated three times in each step, the number of triangles will in 

any case be tripled. However, additional triangles arise at each step at the transition 

from the red to blue copy of the previous step and the same applies to the transition 

from the blue to orange copy. These extra triangles are made gray in the figures 

below. 

     
 step 2 step 3 

 

In step 3, one dark grey is made for the top two grey triangles. This is a copy of the 

upper grey triangle of step 2, rotated 30° counterclockwise. The light gray triangle is 

the same copy and rotated 150° counterclockwise. The same goes for the two 

triangles at the bottom. So, we get a doubling of the number of gray triangles. 

     
 step 4 step 5 

 

In step 4 we see the same mechanism: here two dark gray triangles are turned at the 

top a copy of the two upper gray triangles of step 3, 30° counterclockwise. The light 

gray triangles are the same copy and rotated 150° counterclockwise. The same goes 

for the triangles at the bottom. This way we get a doubling of the number of gray 

triangles again. 

     
 step 6 step 7 
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This mechanism keeps repeating itself, so that we see that with each step the 

number of gray triangles doubles. 

 

This allows us to draw up a formula for the number of triangles at each step: 

 

 

With a formula for the area of a triangle at each step and a formula for the number of 

triangles at each step, we can now calculate the total area of all triangles: 

 

 

It is interesting to see what happens when we pass the fractal to infinity, or we take 

the limit for : 

. 

5-Dragon 

With the 5-Dragon, the line segment with length 1 (step 0) is replaced by five line 

segments with length , such that the line segments are perpendicular to each 

other. The line segments are immediately displayed in color; step 0 I leave out. 

     
 step 1 step 2 
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 step 3 step 4 

 

     
 step 5 step 6 

 

The reduction factor with the 5-Dragon is . The number of line segments 

increases fivefold with each subsequent step. 

Dimension 

The dimension of a fractal curve of which the line segments in step 1 are all the same 

length can be calculated with Haussdorf's formula: 

 

For the 5-Dragon, that will be: . The first condition is therefore met. 

Intersecting or overlapping line segments 

The color pictures above show that in each step the five copies of the previous step 

only touch each other in the vertices. This means that there are no cutting or 

overlapping line segments. 
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This means that both conditions are met and so the 5-Dragon is plane-filling. 

Enclosed area 

The 5-Dragon consists of squares from step 2, with ten or twelve line segments. At 

each step, the squares are always the same size. The total area of these squares 

can be calculated by multiplying the number of squares by the area of a square. 

 

At step 2, the length of the line segments is . The area of a square is: . 

The line segments become smaller by the factor  at each subsequent step; the 

area of one square becomes  times smaller with each step. The formula for 

the area of a square at step n is then: . 

 

Now we need another formula that gives the number of squares for step n. Because 

the previous step is repeated five times in each step, the number of squares will in 

any case be increased fivefold. However, extra squares are created at each step 

during the transition between the different ones. These extra squares are made gray 

in the figures below. 

     
 step 2 step 3 

 

In step 3, the top grey square of step 2 has tripled, and one square has been added. 

This mechanism has also been applied to the other three transitional areas. 

     
 step 4 step 5 
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In step 4 we see the same mechanism: here the top four light gray squares of step 3 

have tripled, and one square has been added (makes 13 squares). So are the other 

three transition areas. 

In step 5, we get 40 squares in each transition area. 

 

This allows us to draw up a formula for the number of squares at each step. We are 

dealing with a fivefold increase, with a tripling and with a separate number, so: 

 

 

 

 

The total area then becomes: 

 

 

In the limit, this is: 
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Duck-curve 

To find fractal curves that are not in a square or triangular grid, there are a few 

considerations: 

• the fractal curve must have symmetry (otherwise it will soon become chaos) 

• the fractal curve must have a dimension 2 

• the line segments do not all have to be the same length 

 

These last two points require a different method to calculate the dimension of a 

fractal curve, because Haussdorf's formula applies only to fractal curves whose line 

segments are all the same length. 

Dimension calculation 

Mandelbrot has a suggestion for this calculation in his book "The Fractal Geometry of 

Nature" (pages 56 and 57). He argues as follows: 

a. if the dimension is 1 (so the fractal is on a straight line), then the sum of the 
line segments is 1 (namely the distance between  and ). In formula: 

, or , where the lengths of the line segments are . 

b. in the case of a fractal curve with  line segments of equal length , the 

reduction factor is . The dimension is then . This can be 

rewritten as: , or . 

Combining the two reasonings above, Mandelbrot suggests that the dimension of a 

fractal curve with line segments of unequal length can be calculated with the 

dimension-generating function , where the dimension  is the unique 

real root of the equation . 

In other words, calculate the dimension  by solving  from the equation . 

Mandelbrot does not have evidence for this, but in all cases where he has applied 

this, it is correct. 

Example 

Mandelbrot gives an example (page 67), where the first step of the fractal curve looks 

like the following: 
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The vertices lie at , 

,  and . 

The lengths of the line 

segments are ,  

and  respectively. 

 

 

To calculate the dimension

 we solve the equation

.  

Remember, that  and . 

 

 

This is a third-degree equation of . Using Cardano's formula (or from the internet), 

that delivers: . 

 

On the right we see step 8 of this 

fractal curve. The dimension of about 

1.5 can be correct, because this 

fractal is certainly not plane-filling 

(dimension 2) and far from a straight 

line (dimension 1). 

Plane-filling fractal curves 

Calculating the dimension can lead to solving tricky equations. Now, in our search for 

plane-filling fractal curves, we want the fractal curve to have a dimension 2. 

We fill in  and thus get , as an additional condition for calculating the 

lengths of the line segments. 

Plane-filling fractal curve with three line segments 

To begin with, let's move on to the example above from Mandelbrot. We take a 

fractal curve that in the first step starts and ends with two line segments of equal 

length and between them a line segments of which the middle is on . We do 

this to give the fractal curve symmetry. 
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We call the length of the middle line segment a and of the other two b. The following 

applies to these lengths: 

, or . 

That means that if we take a 

value for a, we can calculate the 

value of b, and vice versa. 

 

We prefer to work with a ratio 

between a and b and that is why 

we state: , where the 

factor k indicates how many times 

greater a is than b. We then get: 

  

The cosine rule in the upper triangle gives: 

  

  

 

 

 

We now have formulas for a, b, x and y, expressed in k. We are going to experiment 

a bit by filling in a number of values for k . 
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For , we get an already 

known fractal curve, namely the 

Terdragon, which we have 

already seen is plane-filling. 

 

     
 step 2 step 3 

 

 
For  we have the same proportions in the lengths of the line pieces as in the 

example of Mandelbrot. The difference is that we now have a dimension 2. 

 and . 

The coordinates of the vertices are: , ,  and . 

 

An interesting phenomenon presents itself in step 4: the fractal curve touches itself in 

two vertices. At steps 5 and 6, the fractal curve hits itself into even more vertices. 

Unfortunately, in step 6 we also see that line segments start to cut each other, and 

that becomes even more numerous in subsequent steps. This fractal is therefore not 

plane-filling. 
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 step 1 step 2 

 

     
 step 3 step 4 

 

     
 step 5 step 6 
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For  we get: 

 and 

. 

The coordinates of the vertices are: 

, ,  and 

. 

Step 1 looks like the right. 

     
 step 2 step 3 

 

In step 3 we see for the first time that the fractal curve touches itself. In the enclosed 

shape, with some imagination you can see a duck, and point-symmetrically below it 

another one. That's why I call this fractal curve the Duck-curve and the enclosed 

shape the Duck-figure. 

     
 step 4 step 5 
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 step 6 step 7 

 

     
 step 8 step 9 

 

The dimension of this fractal curve is 2 and there are no cutting or overlapping line 

segments. The fractal curve is therefore plane-filling. 

 

The Duck-figure that arises in step 3, we see in step 4 in two smaller sizes, namely a 

factor  and  smaller. In step 5, there are three sizes, which are a factor ,  

and  smaller than the Duck-figure in step 3. With each subsequent step, the number 

of sizes is increased by 1 and the Duck-figures become smaller and smaller. 

What is also special is that new Duck-figures arise at the transitions from one color to 

another. 

 

Let's look again at step 1 of the 

Duck-curve. The part above the x-

axis, together with the x-axis, 

forms an isosceles triangle. So: 

. 

Applying this step 1 therefore 

gives with line segment b: a 

rotation over an angle  and a 

reduction by factor . With line 

segment a, this gives a rotation 
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over an angle  and a reduction by factor . When the latter is applied again, 

the rotation is over an angle  and a reduction by 

factor . This gives a parallel line segment and reduction as with one time 

of line segment b. 

That means we can write the application of line piece b as a2. Again applying line 

segment a we write as a3, etc. 

This is illustrated in the three steps below. 

     
 step 1 step 2 

 

 
step 3 

 

Each line segment in one step is replaced by three line segments in the next step, 

increasing the exponent of the a by 2, 1, and 2. At step n, the exponents vary from n 

to one with 2n, where line segments with equal exponents have equal length and are 

parallel to each other. 

Conclusion: across all steps, all line segments of a certain length are parallel to each 

other. This also means that all Duck-figures of a certain size are oriented equally or 

rotated 180°. 
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Duck-figure 

The Duck-figure has 

several special properties. 

First, it can be seen on the 

right that this figure is 

made up of four isosceles 

triangles that are also 

similarly shaped. The 

proportions between the 

sides of the triangles ,  and . 

 

The axis of symmetry of the medium triangle is perpendicular to the center of the 

long side of the large triangle; the same applies to the small red and medium triangle. 

The enclosed white triangle is congruent with the small red triangle. 

Because the sizes of the large, medium, and small triangles have a ratio of ,  

and , the short side of the large triangle is the same length as the long side of the 

medium triangle. In addition, the half-long side of the large triangle is the same length 

as the short side of the medium-sized triangle. These equally long sides also run 

parallel to each other. The same applies, of course, to the medium and small red 

triangle. 

 

Due to the special properties of the Duck-figure, different sizes can be connected in 

various ways. This gives all kinds of possibilities to construct tessellations. Below is 

an example with four sizes. 
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Enclosed area 

To calculate the enclosed area at each step, it is no longer enough to count the 

number of Duck-figures. After all, there are different sizes of Duck-figures in each 

step. That means we must count the number of Duck-figures for each size at each 

step. 

 

First, let's calculate the area of the Duck-figure in step 3. 

In the figure on the right, three similarly shaped 

isosceles triangles can be seen. The sides of the middle 

triangle are a factor  smaller than those of the largest 

triangle. This means that the area of the middle triangle 

is a factor of 2 smaller than the area of the largest 

triangle. And so, the area of the two smallest triangles is 

a factor of 4 smaller than the area of the largest triangle. 

This means that the area of the two smallest and the middle triangles together is the 

same size as the area of the largest triangle. To calculate the area of the Duck figure, 

we multiply the area of the largest triangle by 2. 

In step 3, the sides of the largest triangle are  (twice) and . The height from 

the base of  to the top is: 

 

The area of the largest triangle is then: . 

So the area of the Duck-figure in step 3 is: . 

 

Of the Duck-figure that is a size smaller, all sides are a factor  smaller. The 

surface area is therefore a factor of 2 smaller. Between the surfaces of all successive 

sizes there is a factor of 2. 

 

Counting all sizes of Duck-figures in each step is a bit more complicated... 

At each step, three copies of the previous step are taken. In the middle blue copy 

each Duck-figure is one size smaller and, in the left (red) and right (orange) copy, 

each Duck-figure is two sizes smaller. That is basically simple counting. 

 

Duck-figures are also added between the copies. These are light and dark grey in the 

figures below, and colored black. First, it is noticeable that there are two identical 

rows of colored Duck figures: top left and bottom right. In the description below we 

only look at the rows at the top left. 

• From step 5, Duck-figures are colored black. These are copies of the entire 

top left row of two steps preceding it, and then four sizes smaller. 

• Of the light and dark grey colored Duck-figures, the first thing you notice is that 

these are two identical rows. In addition, the total number of Duck-figures 

doubles at each step. 
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• From step 5, the light gray row seen from below consists of: 

o a copy of the light and dark grey colored Duck-figures from two steps 

earlier, three sizes smaller, and 

o a copy of the light grey colored Duck-figures from the previous step, 

two sizes smaller (the copy is here in numbers, not in mutual position). 

     
 step 3 step 4 

 

     
 step 5 step 6 

 

      
 step 7 step 8, detail 

 

The above description does not lend itself to being converted into recursive formulas 

and difference equations. I did enter them in an MS Excel file. Excel can work with 

integers up to 14 digits accurate. Below is a section of an overview of this Excel file. 

At the very top are the surfaces of the sizes Duck-figures, descending to the right. 
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Along the left side are the steps. In the middle are the counts of the formats at each 

step. It is easy to see that two smaller sizes are added with each step and a largest 

size goes off. 

 
 

In detail view below are the counts of sizes Duck-figures of the first 7 steps. In gray-

colored cells, the total Duck-figures are per size, with below that the multiplication by 

the area of that size. On the far left, these numbers and surfaces are summed up. 
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In the last detail view on the right, 

1 has been temporarily filled in for 

the area of the largest size. That 

then gives a "total area" of all 

Duck-figures in step 34 the 

number 5.3333297058294. This is 

actually the factor by which the 

area has grown relative to the area 

of the Duck-figure in step 3. This 

number approximates the exact 

value . 

 

If we assume this exact value for 

when we pass the fractal curve 

infinitely far, then the enclosed 

area of the Duck-curve becomes: 

. 

 

 

 

 

 

 

 

After the enclosed surface of the Terdragon:  and of the 5-Dragon: , 

this is a nice result! 
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Bird's Nests fractal curve 

Another possibility is to make a variant of the 5-Dragon. The 5-Dragon consists of 5 

line segments with a length of . Because of the symmetry, three line pieces with 

length a and two with length b are now chosen. See figure below. 

 

For the dimension to be 2, 

the following applies: 

. 

We again choose the ratio k 

between a and b: . 

 

 

 

 

 

 

 

With this we express a and b in k: 

 

 

 

Applying the cosine rule in  specifies: 
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We now fill in some values for k. 

 
For , we get an already well-known 

fractal curve, namely the 5-Dragon, which 

we have already seen is plane-filling. 

 

 

 

 

 

 

 

 

     
 step 2 step 3 

 

 
For  we get: 

 

 

The coordinates of the vertices are: 

, , , , 

 and . 

Step 1 looks like the right. 
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 step 2 step 3 

 

In step 2 we see that the fractal curve touches itself. In the enclosed shape at the 

top, you can see a bird with some imagination, and the parallelogram below is the 

nest. That is why I call this fractal curve Bird's Nests. 

The dimension of this fractal curve is 2 and there are no cutting or overlapping line 

segments. The fractal is therefore plane-filling. 

 

     
 step 4 step 5 

 

 
step 6 

 

While the Duck-curve consists of all similarly shaped figures, this fractal consists of 

two different figures. In step 2, these two different figures do have the same surface 
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area. The sizes in those sequences get smaller faster than with the Duck-curve. The 

numbers of figures also go up faster. 

Over all steps, all line pieces of a certain length are parallel to each other. This also 

means that all figures of a certain size are oriented equally or are rotated 180°. 

Enclosed area 

It is difficult to describe in the same way as with the Duck-curve in this fractal how the 

numbers of the different sizes of the figures increase, in order to make counts and 

determine the enclosed area. But maybe you don't have to. 

What is striking about step 9 of the Duck-curve and step 6 of the Bird's Nests fractal 

curve, is that the contours are very similar. If they grow closer and closer together 

with further steps, the final area of the Bird's Nests fractal curve is also . We're 

going to take a closer look at that. 

 

The coordinates of the two vertices of step 1 of the Duck-curve are:  and 

. And the coordinates of the four vertices of step 1 of the Bird's Nests 

fractal curve are: , ,  and . The first 

and the last are equal! 

 

Below are steps 1 and 2 of the Duck-curve and step 1 of the Bird's Nests fractal 

curve again. The latter is actually a combination of the first two. The left and right line 

pieces of step 1 and the middle three line pieces of step 2 of the Duck-curve can be 

seen in step 1 of the Bird's Nests fractal curve. 

 

 
 Duck-curve, step 1 Duck-curve, step 2 

 
Bird's Nests fractal curve, step 1 
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What actually happens is that the longest line segment in step 1 of the Duck-curve is 

replaced by that same step 1. This means that the Bird's Nests fractal curve is 

nothing more than a variant of the Duck-curve. 

And that is why the contours of both fractals look more and more alike with further 

steps and the enclosed areas are ultimately equal: . 
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Variants of the Duck-curve 

It has been shown above that a variant of the Duck-curve can be made by replacing 

a line segment with a step 1 of the Duck-curve in step 1. The resulting fractal curve is 

again plane-filling and the final contours and area of the new fractal cuve are equal to 

those of the Duck-curve. This idea can be implemented further. 

Spirals 

By repeatedly replacing the middle line segment in step 1 with step 1 of the Duck-

curve, more and more advanced spiral shapes appear. 

Here are three examples. 
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With seven line segments: 

     
 step 1 step 2 

 

     
 step 3 step 4 

 

  
step 5 
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With nine line segments: 

     
 step 1 step 2 

 

     
 step 3 step 4 

 

 
step 5 
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With eleven line segments: 

     
 step 1 step 2 

 

     
 step 3 step 4 

 

 

In principle, this can be implemented infinitely. 

The question then becomes: how long will the total length of the line segments in 

step 1, if this is implemented infinitely? 

Assume  for the Duck-curve,  for the Bird's Nests fractal curve, and 

 for all subsequent Spiral fractal curves as above and beyond, the 

number of line segments in step 1 is then: . The total length l of the line 

segments in step 1 can then be calculated with: 

. 

This is a geometric series with an additional term for the middle line segment. Infinite 

transit means that : 

 

The total length of the line segments in step 1 is maximized . 
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Other examples 

Can line segments other than the middle ones also be replaced by a step 1 of the 

Duck-curve? The answer is: yes, provided 

• only a locally longest line segment is replaced, and 

• the replacement – outside the middle line segment – always takes place in 

duplicate, namely point symmetrical with respect to the middle of the fractal 

curve. 

These two conditions make all adjacent line segments in step 1 a factor  different 

from each other. 

 

Here are two examples. 

With eleven line segments: 

Of the Bird's Nests fractal curve, the three longest line segments were replaced in 

step 1. 

     
 step 1 step 2 

 

     
 step 3 step 4 

 

With seventeen line pieces: 
Of the above fractal, the orange and yellow line segments have been replaced in 

step 1. 
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 step 1 step 2 

 

     
 step 3 step 4 

 

There are of course infinitely many variants in this way. 

 

 

With all the above variants, a few things stand out: 

• For all variants and for all their steps, line segments of equal length are also 

parallel to each other. 

• In addition to the Duck-figure, the “bird” and its “nest” (parallelogram), more 

and more different enclosed shapes are emerging. 

• The final contours and enclosed area of all variants are equal to those of the 

Duck-curve: . 

• The lengths of the line segments in step 1 differ one or more factors  from 

each other. The corresponding colored sub-areas in the final fractal curve 

differ from each other in the same number of factors 2. 
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Titanics 

In addition to the Duck-curve and its many variants, there is another series of 

fractals, all of which are not tied to a grid. 

Titanics2 

After the Duck-curve with 

three line segments in Step 

1 and the Bird's Nest fractal 

curve with five line 

segments, we will now look 

at a fractal curve with seven 

line segments. 

Because of symmetry and 

simplicity of calculations, we 

choose the setup shown 

here, with two different 

lengths a and b for 

successive line segments. 

 

For the dimension to be 2, the following applies: . 

We again choose the ratio k between a and b: . 

With this we express a and b in k: 

 

 

 

The cosine rule in  specifies: 
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For  we get: 

 

 

The coordinates of the vertices are: 

, , 

, , , 

,  and 

. 

Step 1 looks like the right. 

 

     
 step 2 step 3 

 

In step 2 we see that the fractal curve touches itself. In the enclosed shape at the 

top, you can see with some imagination a sinking Titanic, of which two chimneys are 

still visible. That's why I call this fractal curve Titanics2. 
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The dimension of this fractal curve is 2 and there are no cutting or overlapping line 

segments. The fractal is therefore plane-filling. 

 

     
 step 4 step 5 

 

This fractal curve is substantially different from the Duck-curve: the contours look 

different and this time the ratio between lengths of the line pieces is not , but . 

 

The shapes of the enclosed figures become more and more diverse and from step 4 

onwards, enclosed figures arise that no longer have a area ratio  to most other 

enclosed figures. This makes it impossible to calculate the final enclosed area using 

counts, because it is not possible to predict what other shapes the embedded figures 

will take when further steps are taken. We'll come back to this later. 

Titanics2 variant 

As with the Duck-curve, we can see if we can make a variant of the Titanics2 fractal 

curve, which is also plane-filling. We replace the middle line of step 1 with the same 

step 1. The result is indeed a plane-filling fractal curve with completely different 

enclosed forms. 

In step 4 you can see that the contours of this fractal become equal to the contours of 

the Titanics2 fractal. The final enclosed areas will be equal. 

     
 step 1 step 2 



Plane-filling fractal curves 38 

 

     
 step 3 step 4 

 

There are probably many more variants of the Titanics2 fractal curve to be found, in 

the same way as with the Duck-curve. The number of line segments in step 1 of the 

variants increases rapidly, because each replacement of a line segment gives six 

additional line segments. 

I will limit myself here to this one example. 

Titanics3 

We are now going to look at a fractal curve with eleven line segments. 

Because of symmetry and 

simplicity of calculations, we 

opt for the design on the 

right, with two different 

lengths a and b for the 

successive line segments. 

 

For the dimension to be 2, 

the following applies: 

. 

We again choose the ratio k 

between a and b: . 

With this we express a and 

b in k: 
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The cosine rule in  specifies: 

 

 

 

 

 

For  we get: 

 

 

The coordinates of the vertices are: 

, , 

, , , 

, , 

, , 

,  and . 

Step 1 looks like the right. 
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 step 2 step 3 

 

In step 2 we see that the fractal curve touches itself. In the enclosed shape at the 

top, you can see with some imagination a sinking Titanic, of which three chimneys 

are still visible. That's why I call this fractal curve Titanics3. 

The dimension of this fractal curve is 2 and there are no cutting or overlapping line 

segments. The fractal is therefore plane-filling. 

 

 
step 4 

 

This fractal is substantially different from the Duck-curve and the Titanics2 fractal 

curve: the contours look different and this time the ratio between lengths of the line 

pieces is . 
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Titanics4 

We are now going to look at a fractal curve with fifteen line segments. 

 Because of symmetry and 

simplicity of calculations, we 

opt for the design on the 

right, with two different 

lengths a and b for the 

successive line segments. 

 

For the dimension to be 2, 

the following applies: 

. 

We again choose the ratio k 

between a and b: . 

With this we express a and b in k: 

 

 

 

The cosine rule in  specifies: 
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For  we get: 

 

 

The coordinates of the vertices are: 

, , 

, , 

, , 

, , , , , 

, , ,  and . 

Step 1 looks like the right. 

 

     
 step 2 step 3 

 

In step 2 we see that the fractal curve touches itself. In the enclosed shape at the 

top, you can see with some imagination a sinking Titanic, of which four chimneys are 

visible. That's why I call this fractal curve Titanics4. 

The dimension of this fractal curve is 2 and there are no cutting or overlapping line 

segments. The fractal is therefore plane-filling. 
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step 4 

 

This fractal curve is substantially different from the Duck-curve and the other Titanics 

fractal curves: the contours look different and this time the ratio between lengths of 

the line pieces is . 

 

 

Similarly, Titanics5, Titanics6, etc. fractal curves could also be made. Apart from the 

fact that the Titanic itself had no more than four chimneys, the pictures of these 

fractals are becoming less and less interesting (brick walls?). So, I'll leave it at that. 

Enclosed area 

I do want to look at the enclosed area of the Titanics. As noted earlier, it is impossible 

to predict what new shapes the enclosed figures will take on further steps. This 

makes it impossible to calculate the enclosed area using counts of enclosed figures. 

That is why we do this via a different method. 

 

From the Titanics2, Titanics3 and Titanics4 we take a step 5 or 4 and draw two lines 

from the highest point of step 1 to  and to . Together with the x-axis, this 

creates triangles that roughly correspond to the shape of the fractal curve above the 

x-axis. 

On the right side we see 2, 3 and 4 pieces of the fractal curve outside the triangle, 

and 2, 3 and 4 white pieces within the triangle. If we were to let the steps go to 

infinity, the pieces inside and outside the triangle would become exactly the same 

size. For the area determination we can therefore use the straight line of the triangle 

on the right side. 
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We see something similar with the left side of the triangle. However, that leaves one 

piece outside the triangle. So, we must add that piece to the area of the triangle. 

Now we see that such an piece outside the triangle is exactly half of a reduced copy 

of the entire fractal curve. We can also approach the area of it with a triangle, but 

then again, we miss a small piece, etc. We will first develop this idea for the 

Titanics2. 

The base of the large triangle is 1. The base of the small triangle is . The area of 

the small triangle is therefore a factor of 16 smaller. The even smaller triangle on top 

of that is a factor of 16 smaller, etc. This gives a geometric series: . If the 

number of steps n goes to infinity, the sum becomes: . This means 

that the area of the large triangle is multiplied by a factor  to get the final enclosed 

area of the fractal curve above the x-axis. Multiplication by 2 gives the final enclosed 

area of the entire fractal curve. 
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Titanics number 

Now more generally: we introduce the t as Titanics number. With Titanics2 obviously 

applies , with Titanics3 applies , etc. 
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The number of lines in step 1 of the fractal curve is then  and the ratio between 

the lengths of the line pieces is . 

 

The factor by which the area of the triangle must be multiplied is: . 

The area of the triangle is: . Here the base is 1 and for the triangle below the x-

axis we multiply by 2. This means that the area of the two triangles (parallelogram) is 

equal to the height of the triangle and therefore equal to the y-coordinate of the 

highest point in step 1. 

• In Titanics2, the calculated x-coordinate of point B was: . For the 

highest point, this value must be multiplied by . 

• BInij Titanics3, the calculated x-coordinate of point B was: . For the 

highest point, this value must be multiplied by . 

• In Titanics4, the calculated x-coordinate of point B was: . For the 

highest point, this value must be multiplied by . 

From this, the y-coordinate for all Titanics fractal curves can be derived: 

. This is also the formula for the area of the two triangles together. 

 

All told, the formula for the final enclosed area of each Titanics fractal curve then 

becomes: 

 

 

For the above three Titanics fractal curves, this provides the following values: 

 

 

 

 

Because the Duck-curve is constructed in the same way, with the Duck-curve 

applies: . The above area formula also appears to be useful for the Duck-curve: 

 

That is a confirmation of what we had already concluded with the help of counts in an 

Excel file. 

 

Just to be on the safe side, let's look at the Duck-curve with the triangle drawn by the 

highest point of step 1. On the right side we see that the areas outside the triangle fit 

exactly into the white areas within the triangle. On the left, exactly half of a reduced 

copy of the entire fractal protrudes outside the triangle. This can be added to the 

surface of the triangle in the same way as with the Titanics fractal curves described 

above. 
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This confirms that the area formula also applies to the Duck-curve. 
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Conclusion 

These were my research questions: 

• Are there also plane-filling fractal curves that are not bound to a triangular or 

square grid? 

• If so, what are the properties of such fractal curves? 

 

I can answer the first question with a resounding 'yes'. Starting from Mandelbrot's 

suggestion on how to calculate the dimension of fractals that have line segments of 

unequal length in step 1, I reversed this method and fixed the dimension to 2. That is 

one of the conditions for a plane-filling fractal curve: its dimension is 2. The other 

condition is symmetry. In this way I found the Duck-curve and it also turned out to 

contain an infinite number of variants. 

In addition, a series of other fractal curves has been found in a similar way: the 

Titanics fractal curves. 

 

Properties of the Duck-curve and its variants are: 

• The ratio between the lengths of the line segments is . 

• For all variants and for all their steps, line segments of equal length are also 

parallel to each other. 

• In addition to the Duck-figure, the “bird” and its “nest” (parallelogram), more 

and more different enclosed forms are emerging. 

• Numerical methods have been used to calculate the enclosed area of the 

Duck-curve in case this fractal was extended to infinity: . 

• The final contours and enclosed area of all variants are equal to those of the 

Duck-curve. 

1. The lengths of the line segments in step 1 differ one or more factors  from 

each other. The corresponding colored sub-areas in the final fractal curve 

differ from each other in the same number of factors 2. 

 

The Titanics fractal curves form a series of new fractal curves. At first, I mentioned 

those Titanics2, Titanics3 and Titanics4, where the figure refers to the number of 

"chimneys" on the sinking ship. Afterwards, I defined this number as the Titanics 

number t, which allows several properties for all Titanics fractal curves to be 

described. For the Duck-curve, then . 

Features of the series of Titanics fractals are: 

• The number of line segments in step 1 of the fractal curve is . 

• The ratio between the lengths of the line segments is . 

• Across all steps within a fractal curve, line segments of equal length are also 

parallel to each other. 

• More and more different enclosed forms are emerging. 
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• The enclosed area of the fractal curve if it were to be carried through to infinity 

is . 

• The lengths of the line segments in step 1 differ one factor  from each 

other. The corresponding colored sub-areas in the final fractal curve differ one 

factor  from each other. 
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Reflection 

In this study, the discovery of the Duck-curve and its variants was discussed. Only 

one variant of the Titanics2 fractal curve has been described; there are probably 

many more. Also, of the Titanics3 and Titanics4 fractals curve are probably many 

variants to be found. 

In addition, there are Titanics fractals curve and their variants with a . 

 

It cannot be ruled out that there are more plane-filling fractal curves to be found, 

which are not tied to a triangular or square grid. It may be subject to further research 

to find these. The methods described in this report can be helpful. 
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Epilogue 

What started with an attempt to generate fractal curves with the computer program 

GeoGebra has culminated in a study on fractal curves that I have not encountered in 

previous research on this topic. It has regularly given me a kick, about working with 

GeoGebra, about the mathematical discoveries I made and about the beautiful 

visualizations I created. 

Many of those visualizations are in this report; many others don't either. This 

concerns visualizations that do not relate to the subject of this report, but also 

animations that do fit this topic, but for which this paper is not the right medium. 

 

Pictures are worth a thousand words. And that applies even more to moving pictures, 

or animations. I have participated in an art route in my residential area for the past 

year. In addition to mathematics-derived artworks – a copy of which is included in this 

report – I have shown fractal curves on canvas and on a number of computer 

screens also animations with fractal curves. Especially the latter were very much in 

the spotlight. Regularity and symmetry appeal to people, even without awareness of 

the mathematics behind them. 

 

I started this project out of my curiosity about whether GeoGebra images of fractal 

curves can be made. I had already worked a lot with GeoGebra from my work as a 

mathematics teacher and I found it a pleasant program to work with. But in this 

project, I ran into the limits of the program. 

First, there was the limited length of the scripts that could be entered. That was 

difficult, but it also forced me to write more compact scripts. Worse was the limited 

length of lists of points (vertices): such a list can fit a maximum of about 8000 points. 

If you make the list longer, GeoGebra does not give an error message, but it 

suddenly becomes very slow... That in turn requires some tricks to work around that. 

In retrospect, I might have been better off using a programming language to create 

pictures of fractal curves. 
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